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An investigation of the validity of the free volume theory of liquid has been undertaken on the basis of the

theory of correlation functions.

A formula for free volume without use of a geometrical model has been pro-

posed and discussed. The magnitude of equivalent free volumes obtained from the formula has been found to be

nearly equal to that calculated from the entropy of vaporization by means of the free volume theory.
give support to the physical reality of the concept of free volumes.

The results
The communal entropy deduced agrees with

that obtained by an expansion formula to the first order of density. A formula for compressibility has also been
derived, which gives satisfactory results in comparison with observed data.

The Lennard-Jones and Devonshire (LJD) theory
and the Yvon-Born-Green-Kirkwood (YBGK) theory
were the starting points of extensive researches in the
field of the theory of liquids.? The free volume theory
originated from the LJD theory has been applied
extensively to liquids? and solutions®% as an approxi-
mate representation of their thermodynamic properties.

On the semi-emprical basis of the free volume theory,
several critical studies have been carried out, among
which those by Kirkwood® and by Hildebrand® are
the most important. Cloncerning Kirkwood’s critique
(1950) with respect to the formulation of the theory,
several improvements have been made.”"® The pro-
blem of communal entropy was also investigated by
Hoover and Ree!'® and others by means of the Monte
Carlo method.

Hildebrand proposed a serious question on the
physical reality of the concept of free volume from
results showing that free volumes calculated from
identical thermodynamical data showed a marked
discrepancy among the models adopted.® Thus it
seems worth-while to attempt to place the concept of
free volume on a sounder theoretical basis and to give
a difinite explanation.

Since the proposition of Percus-Yevick and H N C
equations in 1958—1960, development in the equi-
librium theory of liquids using correlation functions is
remarkable.’-16)  Some noticeable results from model
experiments by Bernal and King'? have been obtained,
as well as those from computer experiments!® by means
of the Monte Carlo method and molecular dynamics.

At present, the application of these new theories to
real liquids is limited except for that to liquid argon
and liquid metals, model theories such as the free
volume theory of liquids still playing an important
role for the explanation of various properties of fluids.

We have examined the theoretical basis of the free
volume theory according to recent liquid theories using
correlation functions, with the purpose of elucidating
the physical meaning of the concept of free volume.

Theoretical

Theoretical Consideration on the Nature of Free Volume.
The Percus-Yevick integral equation is expressed as
follows.11-16)

W) = c(r) + o{e(ir—rDA(rar O

o(r) = g(r) exp (u(r)/kT)[exp (—u(r)[kT)—1],  (2)
where ¢(r) is the direct correlation function, A(r)=
g(r)—1 the total correlation function, g(r) the radial
distribution function, and u(r) the two body potential.

The equation has been solved analytically by
Wertheim!® and Thiele?® for the fluid of hard spheres.
The equation of state obtained has been found to be
identical with that deduced from the scaled particle
theory by Reiss et al.,2) which is expressed as

b= ekT(1+y+0%)/(1=)°% » = med’/6, 3
where p is the number density, a the diameter of a
hard sphere and y the volume fraction of hard sphere
molecules.

The partition function Z for a hard sphere fluid is
derived from Eq. (3) to be

o [Ju-non (- ST (57

For a hard sphere fluid with an internal potential
Vx, it is expressed as

Z= [%(1——_)}) exp (1__,;’}'%12;3,.;);2)]1\'( zﬂ;lnfr)s/zzv
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A formula similar to this expression was first introduced
by Longuet-Higgins and Widom?®? and also given by
Miller.2® We have given an explanation of its theoreti-
cal basis in connection with the mean spherical model
(MSM) approximation proposed by Lebowitz et al.?¥

(see Appendix).
The free volume fraction f is defined as follows.
= (1— _,31’,(2:2’)_,)
r=-en(-F2A) ©)

From Eq. (5), we then have
T 3/2 N
z=[ (7T e e (- @)
where v=V/|N is the volume per molecule in liquid.
According to the free volume theory of liquid,? the
partition function is expressed as a function of free
volume, independent of the above theory as follows.

z=[(P0T) e e (~rduk) @
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where u=V;/N is the free volume (fluctuational
volume?)) per molecule.

Equating Eqs. (7) and (8), we have

f=ufo or f=V|V 9)
from which the nomenclature of f comes.

From Egs. (6) and (7) we can calculate the values
of V;. Values of the free volume fraction f as a func-
tion of y, together with the values of V; calculated for
two liquids CCl,, ¢-CgF;,CF; are given in Table 1.

FREE VOLUME FRACTION AND FREE VOLUME

y 0.50 0.51 0.52 0.54¢ 0.60 0.64
Fx 108 5.55 4.25 3.20 1.72 0.152 0.0152
V(cm3/mol) CCl, 0.54 0.41 0.31 0.17 0.015 0.0015

-CgF,CF, 1.09 0.83 0.63 0.34 0.030 0.0030

TABLE 1.

Determination of the Equilibrium Values of Volume Fraction
y and Free Volume V; in Liquids. In the case of the
face-centered cubic packing of hard sphere molecules,
where all molecules are in contact with each other,
the magnitude of y is /2 #/6=0.74, which is the maxi-
mum value of y.

Bernal and King proposed the ‘“random network
model” for the structure of liquid state on the basis
of a series of model experiments,'? giving the magnitude
of y to be 0.64 for the liquid state at its triple point.

For determination of the equilibrium values of y, the
" equation of state derived from Eq. (5) is used.

= I+y452) _ 0wy,
pV_NkT< (l—y") v

When <Vy>>... is taken to be propotional to the n-th
power of volume V as usual, we have

(10)

V= NkT(l+y+i) o+ 1V
(1)

For the determination of » the equation of state at

vanishing pressure,*26) which is obtained by equating

the right-hand side of Eq. (11) to zero, is used, together

with the relation —<Vy >ar.=AH ¢4p.—RT (4H y,,.; the

heat of vaporization). Thus, we get :

1452 _

The equilibrium values of y thus determined using
the experimental data?” of n and AH,,,. for CCl; and
¢-CgF1;CF; are 0.50 and 0.54 at 25 °C, respectively.
In the case of CCl, the magnitude of y determined
by the consideration of compressibility is 0.51, in line
with that determined by Eq. (12).

The values of V; for CCl; and ¢-CgFy;CF; at 25 °G
are thus determined to be 0.41 and 0.34 cm3/mol,
respectively, from the values of » given in Table 1.
The values are nearly equal to those for “AS.,,.” given
by Hildebrand (Table 2). This shows that the values
of V; obtained directly from A4S.,,. by means of the
free volume theory are consistent with those of the
“equivalent free volume” determined here as a statisti-
cal average by use of correlation functions (Egs. (6),
(9), and (12)).

For deriving Eqs. (1)—(9) (except Eq. (8)), no
approximation based on a geometrical model was intro-

(11)

—RT). (12)

ap.
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TaBLE 2. FreE voLUMES AT 25 °C (cm®/mol)®

Ve
VaD OCL 4Syep. Cageh Cubic® i
CCl, 9 7.7 0.24 0042 0.3¢4 0.4]
~CF,,CF, 196 109  0.36 0.03¢ 0.27 0.34

a) The values of V; for models b)—e) are cited from
Table 1 in the note by Hildebrand.® They were calcula-
ted from identical data?” on the basis of the relation
0S/0V=R(0InV,[dV). The difference between the values is
ascribed to the geometrical feature of each model.® b)
Calculated from the definition V;=V—5. c¢) Galculated
from AS,,, using the relation 4S,,, =R In(V./V),
where V, is the volume of gaseous state in equilibrium,
d) The fluctuational volume for a cage model; (V) egge=
[R/V*3(aS[dV)]3. e) The fluctuational volume for simple
cubic packing.

duced. The free volume fraction defined by Eq. (6)
consists of a factor 1—y and an exponential factor
exp(—3y(2—»)/2(1—»)?). The former factor is equal
to the fraction of void space for the total volume V,
and the latter is supposed to come from the volume
exclusion effect of hard sphere molecules in their
thermal motions. The free volume V; is thus regarded
as a statistical average of fluctuational void space.
This brings the free volume fraction f as a function of
y only. Agreement of the values of V; for 4S,,;. with
those determined through f (Eq. (6)) gives a comfirma-
tive support of the concept of free volume calculated
from ASs.p. as a thermodynamic parameter.

Communal Entropy. The communal entropy 4§
is obtained as

AS = kln (ef)”.
Inserting Eq. (6) into Eq. (13), we get

(13)

3(2—y)

A8 = 1—yp)— =2

S Nk[l—{—ln( N =g |
The volume fraction y is expressed by (p/gy), where

po is the closest number density at face-centerd cubic

packing.

Po =4/ 2/d

(14)

and

— g2 e e
e o= g2 g) 0w )
Thus the communal entropy 4§ is expressed by the
power of (p/p,) as follows.

AS|NE =1 — 2.9619(p/po) — 2.741515(p/po)*  (15)

The expansion of AS/Nk by (p/g,) agrees to the first
order term with the formula obtained by Hoover and
Ree?® by means of the Mayer f function expansion.
The linear dependence of the communal entropy at
small density has been confirmed by means of a Monte
Carlo calculation.1®

Compressibility. From Egs. (6) and (10), we can
derive the following formula for the isothermal com-
pressibility #r of liquid, using the relation
Const.

— RT = 9%

=4 -
< VN)&V. H Vn,

vap.

(16)
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(17)

l -1
(- |
where &, is the isothermal compressibility for the fluid
of hard spheres and expressed by

-GGl

The first term in (ky)~! in Eq. (17) comes from the
repulsion of hard spheres in thermal motions and the
second term from the attraction between molecules.

Using Eqs. (17) and (18), we have calculated the
values of compressibility of various liquids and the
results are given in Table 3. As the values of a we
have used those estimated from the results of studies of
X-ray diffraction,?®39 second virial coefficient,? vis-
cosity® and molecular structure theory,?!) noting that
the estimated values of & should be consistent with
the values of y determined through Eq. (12). The
agreement between calculated and observed values is
very good. Equations (17) and (18) could therefore
be used for determination of the equivalent hard sphere
diameter of molecules.

n(n-+1)
*V—'_‘(AHvap. - RT)]

TABLE 3. COMPRESSIBILITY

a n T _}’ ’cobs. ’Ccalc.

° ~——————

(A) (K) (10-12 dyn-1 cm?)
Ar 3.40 1.00 87.3 0.43 215.2 226.8
Cccl, 5.40 1.09 298  0.51 106.7 90.9
CH, 5.20 1.05 293 0.50 101.5  101.1
CeH,, 5.60 1.00 298 0.51 116.0 95.1

Appendix

A similar equation to Eq. (5) has been used by Longuet-
Higgins and Widom?? and also by Miller?® for a discussion
of thermodynamic properties of fluids. We have undertaken
here to give a theoretical basis for the approximation.

Using the exact solution of Percus-Yevick equation for the
fluid of hard spheres together with the mean spherical model
(MSM) approximation,?? we postulate as follows as regards
the direct correlation function ¢(r),

c(r) = co(r) for r<<a
o(r) = —u(r)/kT  for r>a,
where ¢y(r) is Wertheim-Thiele’s analytical solution.

The MSM approximation assumes (1) the Ornstein-Zernike
equation, (2) g(r)=0 for r<a and (3) ¢(r)=—u(r)/kT for
r>a. When u(r)—0, the MSM approximation is reduced
to the Percus-Yevick equation for the fluid of hard spheres
with no attraction. Thus the direct introduction of Wertheim-
Thiele’s solution to MSM as in Eq. (Al) is reasonable as a
zeroth order approximation, if u(r) is not much larger than
kT. In the approximation Eq. (Al), the change of ¢(r)
from ¢,(r) for r<{a which results from the presence of u(r)
for r>a is ignored.

The compressibility equation is expressed as

(Al)

A(p/kT) 30 = l—pSc(r)dr. (A2)
Inserting Eq. (Al) into Eq. (A2), we obtain
2pikTIO0 = 1—o o Vmadr + 75| uo)tmrer
) T a
142y)? -
- *((1':5y)’)4‘ + %Sau(r)wm’. (A3)
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Integrating with respect to g, we have

plokT = 1(1;%;5)}: + Ek’—;—,—p—S:u(r) 4nridr. (A3)
Il we put (2n/kT) smu(r)‘hzrzdr = const.

a
Eq. (A4) becomes identical with that used by Longuet-
Higgins & Widom, and also by Miller.
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